ABSTRACT. On a complex manifold, a co-Higgs bundle is a holomorphic vector bundle with an endomorphism twisted by the tangent bundle. The notion of generalized holomorphic bundle in Hitchin's generalized geometry coincides with that of co-Higgs bundle when the generalized complex manifold is ordinary complex. Schwarzenberger's rank-2 vector bundle on the projective plane, constructed from a line bundle on the double cover CP 1 × CP 1 → CP 2 , is naturally a co-Higgs bundle, with the twisted endomorphism, or "Higgs field", also descending from the double cover. Allowing the branch conic to vary, we find that Schwarzenberger bundles give rise to an 8-dimensional moduli space of co-Higgs bundles. After studying the deformation theory for co-Higgs bundles on complex manifolds, we conclude that a co-Higgs bundle arising from a Schwarzenberger bundle with nonzero Higgs field is rigid, in the sense that a nearby deformation is again Schwarzenberger.
INTRODUCTION
The goal of this paper is to explore an observation of Gualtieri [7, §4.1] , namely that by considering ordinary complex manifolds in the context of generalized geometry, there is an enlargement of the category of holomorphic bundles. The additional objects have the following form: Definition 1.1. If X is a complex manifold with tangent bundle T X , then a coHiggs bundle on X is a holomorphic vector bundle V → X together with a map Φ ∈ H 0 (X, (End V ) ⊗ T X ) for which Φ ∧ Φ = 0 ∈ H 0 (X, (End V) ⊗ ∧ 2 T X ).
For generalized complex manifolds, there is an appropriate notion of bundle, called a "generalized holomorphic bundle". When we consider ordinary complex manifolds as examples of generalized complex manifolds, the definition of generalized holomorphic bundle in [8, §3.2] coincides with Definition (1.1). The key point is that a generalized holomorphic bundle on an ordinary complex manifold is not Definition 1.2. A co-Higgs bundle (V, Φ) on a complex projective manifold X is semistable if
for all coherent subsheaves 0 = U V satisfying Φ(U ) ⊆ U ⊗ T , and stable if (1.3) is strict for all such U .
The projectivity assumption is used in the definition of the degree. Stability for ordinary vector bundles without Higgs fields is recovered by taking Φ = 0. When V is fixed, we refer to Φ as (semi)stable whenever the pair (V, Φ) is (semi)stable. There are situations in this paper where it will be necessary to consider pairs (V, φ) in which φ is an endomorphism taking values in a line bundle L. For these objects, the stability condition is identical, simply with L in place of T X .
Examples of co-Higgs bundles have appeared in other studies recently. In [15] , we prove an existence theorem characterizing exactly those splitting types on CP 1 for which stable co-Higgs bundles exist. There are no stable co-Higgs bundles with nonzero Higgs field on curves of genus g > 1.
(When g = 1, a co-Higgs bundle is the same thing as a Higgs bundle in the usual sense.) In [10] , Hitchin constructs examples of generalized holomorphic bundles on complex manifolds. A seed for the primary construction in our paper, using Schwarzenberger bundles, was planted in Hitchin's paper. In the curve case, the only concern is stability. Complex surfaces are a different story, at least at rank 2. The integrability condition Φ ∧ Φ = 0 is nontrivial, and is the main obstacle to finding examples of co-Higgs bundles. The majority of this paper is occupied with constructing rank-2 examples on the complex projective plane.
For convenience, we will restrict from now on to trace-zero Higgs fields, which we signify by Φ ∈ H 0 (X, (End 0 V ) ⊗ T X ).
Results
A portion of this paper is devoted to deformation theory. As the most general part of the paper, it applies to co-Higgs bundles of arbitrary rank on complex manifolds of any dimension. The condition Φ ∧ Φ = 0 gives rise to the complex
that controls the deformation theory and whose spectral sequence computes the tangent space to the moduli space near (V, Φ).
Before constructing explicit examples, we justify the attention given to CP 2 amongst complex surfaces. We provide a vanishing theorem (Theorem 4.2) for stable rank-2 co-Higgs bundles on general-type projective surfaces. The proof of the theorem hints that stable rank-2 examples might be found wherever holomorphic sections of S 2 T X are plentiful. The projective plane is a reasonable place to start, considering that h 0 (S 2 T CP 2 ) = 27.
If ρ is an irreducible element of H 0 (CP 2 , O(2)), then ρ = 0 defines a nonsingular conic, as well as a degree-2 covering of CP 2 by a smooth quadric CP 1 ×CP 1 branched over the conic. Each such conic also determines a sequence of rank-2 vector bundles, {V For k ≥ 2, the bundles are indecomposable and stable.) In Schwarzenberger's original study, the branch conic is a fixed nonsingular conic. We allow the conic to vary and study the moduli problem for co-Higgs bundles whose underlying vector bundles are Schwarzenberger bundles arising from nonsingular conics.
We show that Schwarzenberger bundles come naturally with integrable Higgs fields taking values in the tangent bundle of CP 2 . Like the Schwarzenberger bundles themselves, these Higgs fields descend from the line bundle on the double cover. We show that for all k the moduli space of co-Higgs bundles arising from Schwarzenberger bundles for nonsingular conics is 8-dimensional. For k = 0 and k = 2, the moduli space is the total space of a vector bundle over a complex projective space. For k ≥ 3, the moduli space admits two canonical fibrations, over projective spaces of different dimension. For k = 1, we construct a dense open set of the moduli space, which itself is the total space of a vector bundle. For k = 0, 1, 2, our moduli descriptions include the singular conics. That the moduli space is 8-dimensional in every case is an application of the deformation theory, which we compute using cohomologies of exact sequences on the double cover.
Range of the construction
Let H be the Chern class of O CP 2 (1). To measure the coverage our construction provides with respect to possible Chern classes (c 1 , c 2 ) ∈ ZH × ZH 2 , we normalize the classes so that (c 1 , c 2 ) ∈ {0, −H} × ZH 2 . For each integer k ≥ 0, our construction produces two 8-dimensional families of stable rank-2 co-Higgs bundles, one for (c 1 , c 2 ) = (0, k(k − 1)H 2 ) and another for (c 1 , c 2 ) = (−H, k 2 H 2 ).
Facts about stability and bundles on CP 2
It will be useful to have at hand a couple of well-known facts about slope stability:
• For any stable (V, Φ), the subspace of H 0 (End V ) consisting of endomorphisms that commute with Φ is generated by 1 V , and (V, Φ) is said to be simple. In particular, if (V, 0) is simple, then V is said to be a simple vector bundle.
• When X is nonsingular and V is a rank-2 bundle, we need only check (1.3) for sub-line bundles.
We will also use the following facts about bundles on CP 2 : the only rank-2 locallyfree sheaf with (c 1 ,
and with (c 1 , c 2 ) = (3H, 3H 2 ), only T .
Some additional notation
We will read End V ⊗ T X as (End V ) ⊗ T X . We use T without subscript to mean the tangent bundle of projective space. If V is a vector bundle on CP n , then for economy we write V (a) for V ⊗ O(a) and End V (a) for (End V ) ⊗ O(a).
We write H i (F) for the sheaf cohomology H i (X, F) whenever X -usually CP 
SIMPSON'S MODULI SPACES
In [19] and [20] , Simpson constructs in two different ways a coarse moduli space of Higgs sheaves on a smooth projective variety of arbitrary dimension.
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The first method is a direct GIT quotient giving the moduli space of coherent sheaves of Λ-modules on a projective variety X, where Λ is a sheaf of O X -algebras (possessing a filtration with certain properties). Taking Λ = Sym
• (T X ) gives the moduli space of coherent Higgs sheaves on X. In the second construction, Simpson passes to the spectral correspondence: coherent Higgs sheaves on X with fixed characteristic polynomial are identified with ordinary generically rank-1 coherent sheaves on a subvariety S of a compactification of the cotangent bundle (supported away from the divisor at infinity). Accordingly, the moduli space of Higgs sheaves on X with fixed characteristic polynomial and the moduli space of sheaves of Λ-modules on S for Λ = O S are isomorphic as varieties. Allowing the characteristic polynomial to vary produces a fibration where the fibre is the moduli space of Higgs sheaves with a fixed characteristic polynomial and the base is the affine space of characteristic coefficients. This is the Hitchin fibration. The total space of this fibration is isomorphic as a variety to the moduli space arising from Simpson's first construction. For these moduli spaces, there is Gieseker's stability condition, which uses the Hilbert polynomial of a sheaf in lieu of the degree. Although the examples we construct are slope stable, it is also well-known that slope stability implies Gieseker stability. Therefore, if we replace Λ = Sym
Simpson's first construction, or the cotangent bundle with the tangent bundle in the second construction, then the co-Higgs bundles constructed in this paper are points in one of Simpson's moduli spaces of Λ-modules.
Because of the great generality of Simpson's construction, it is difficult to extract concrete information about the global moduli space of co-Higgs bundles. In particular, there is no obvious formula for the dimension of the space at a point in terms of the Chern classes of the underlying bundle. Therefore, we focus on studying specific examples, and use deformation theory to see some of the local structure of the moduli space.
Remark 2.1. The Hitchin map on Simpson's moduli space -the map sending a Higgs field to the coefficients of its characteristic polynomial -is proper [20, Thm.6.11] . The families we construct will exhibit this property; however, it is important to note that because we are neither using Gieseker stability nor allowing sheaves that fail to be locally free, it cannot be expected a priori for properness to be seen.
The subvariety S of T ∨ X in Simpson's second construction is called a spectral cover : it is a sheeted cover of X whose sheets are eigenvalues of Φ. In our case, the cover will be embedded in the total space of T X . We will use the following fact: if Φ ∧ Φ = 0 and if the spectral cover belonging to Φ is smooth, then the dimension of ker [−, Φ] is minimal at every point of X. We will call such Φ regular.
In particular, Φ x may be nilpotent but Φ x = 0 for any x ∈ X. (See remarks in [5] , and in particular [11, Rmk.3.1] .) While our focus is on Higgs fields taking values in the tangent bundle, it will be necessary in our arguments to consider Higgs fields taking values in a line bundle
, then by φ ∨ we mean the dual element in the vector
we can regard φ and φ ∨ as elements of the same vector space,
Lemma 2.2. Let (V, φ) be a regular Higgs bundle on a smooth complex manifold with φ ∈ H 0 (End 0 V ⊗ L). Then, we have a short exact sequence
where Q is the sheaf-theoretic image of
Proof. Begin by considering φ as an element of Γ(Hom( 
wherein M is a line bundle. The dual of this sequence is
which is equivalently
The sequences (2.4) and (2.5) differ only by a twist by
from which the second claim in the statement of the lemma must follow.
DEFORMATIONS OF CO-HIGGS BUNDLES ON COMPLEX MANIFOLDS
Let X be a complex manifold of any dimension; (V, Φ), a co-Higgs bundle over X. The condition Φ ∧ Φ = 0 makes ∧Φ into a differential onČech cochains for the bundle End 0 V ⊗ ∧
• T X . The operation ∧Φ commutes with theČech coboundary δ, making the total module
into a first-quadrant double complex. A spectral sequence is defined by choosing the 0-th page to be the module
. Then proceed by setting:
In addition to p, q ≥ 0, the sequence enjoys these finiteness properties:
is given by
where
We are interested in d 2 because of the following fact from homological algebra:
• is the hypercohomology of the double complex, then there is an exact sequence
For the applications we have in mind, we will always have d 2 | E 0,1 2 = 0. Note that, in this case, a first-order deformation of (V, Φ) has two components: a deformation in E 1,0 2 and a deformation in E 0,1 2 . First-order deformations of the Higgs field that are holomorphic with respect to the given complex structure on V are given by elements of
On the other hand,
is a space of Kodaira-Spencer classes for V , but only those corresponding to firstorder deformations of the bundle V along which the given Φ remains holomorphic.
Remark 3.6. The deformation theory for Higgs bundles on nonsingular curves appears in the works of Nitsure, Biswas and Ramanan, and Bottacin; respectively [13] , [1] , and [3] . The theory for Higgs bundles on curves can be recovered from the sequences above by replacing T X with T ∨ X = ω X throughout, and noting that nonzero terms on the E
•,• 2 page will be concentrated in the band 0 ≤ p, q ≤ 1.
VANISHING THEOREMS
On surfaces, the presence of stable co-Higgs bundles is skewed to the nonpositive end of the Kodaira spectrum, at least for rank 2. Theorem 4.2 below supports this.
Lemma 4.1. Let X be a nonsingular complex projective surface with a rank-2 co-Higgs bundle (V, Φ) → X for which det(Φ) = 0. If Φ is not identically zero, then there exist line bundles L and M on X with the following properties: V is an extension
Proof. Since V has rank 2, tr(Φ) = 0 and det(Φ) = 0 together imply that Φ is nilpotent. Since Φ itself is not identically zero, there must exist a line bundle L = ker Φ included as a sheaf in V , and therefore a short exact sequence of sheaves
in which M is a line bundle on X and Z ⊂ X is a set of points. It follows that
We may extend Φ uniquely over Z by the theorem of Hartogs, and so we have
, once we agree to reuse Φ for the extension. Proof. We do c 1 (V ) = 0 first. With X as in the statement, we must have H 0 (X, S 2 T X ) = 0. This follows from a more general vanishing result of Peternell [14, Cor.9] , saying that H 0 (X, T ⊗m ) = 0 for all m ≥ 1 when X is of general type.
This means that det Φ = 0. By Lemma 4.1, V has a sub-line bundle L and Φ is in 
, and Φ must vanish identically.
In the c 1 (
and the remainder of the argument proceeds as in the even case.
A similar theorem holds for K3 surfaces, but the proof has a different flavour. We will give an outline, in the case of c 1 (V ) = 0. When X is K3, we have 
F out of any curvature form F 0 on L, using the fact that the stability condition deg(L) < 0 means that every F 0 must satisfy
We use Hodge theory to produce a function h such that F = F 0 + ∂∂h is a tensor with the desired properties. A reason to posit that CP 2 might be a generous source of co-Higgs bundles is that the vanishing theorem ties the existence of stable rank-2 examples to the availability of holomorphic sections of S 2 T X . The projective plane has many.
THREE EXAMPLES
From now on, CHB(k 1 , k 2 ) stands for the moduli space of stable rank-2 co-Higgs bundles on CP 2 with Chern classes (c 1 , c 2 ) = (k 1 H, k 2 H 2 ).
Examples 1 and 2: decomposable cases
It is natural to start with extensions of one line bundle by another, say, L 1 by L 2 . On CP 2 , the only such extensions are the trivial ones. Not every direct sum, however, admits a stable Φ.
Proof. Consider the Euler sequence on CP 2 : Assume without loss of generality that m 1 ≥ m 2 . The Higgs field Φ has a component ψ :
and O(m 1 ) is invariant and destabilizing, contradicting the stability of (V, Φ).
After we impose c 1 (
We begin with
). This is a stable Higgs field for V if and only if C is not identically zero, so that the trivial sub-line bundle in V is not preserved. The pair (V, Φ) is a stable co-Higgs bundle if and only if C = 0 and the form
vanishes identically. This vanishing is equivalent to A, B, and C satisfying the simultaneous system
Since C is not identically zero, C vanishes on a single point p ∈ CP 2 . Away from p, the simultaneous conditions imply that A = λC and B = µC, where λ is a section of O(1) and µ is a section of O(2) over CP 2 \ {p}. Hartogs' theorem allows us to extend each of λ and µ uniquely to sections over the whole of CP 2 . Thus, every stable Φ satisfying Φ ∧ Φ = 0 can be written
where C ∈ H 0 (T (−1))\ {0} and the matrix part is a section φ ∈ H 0 (End 0 V (1)).
Using the automorphism
, we can transform Φ within its equivalence class to
It is clear that the data (q, C) determines a unique Higgs field Φ, but not vice-versa. If we scale C by any t ∈ C * and q by t −2 , then we obtain the same Φ. (Equivalently, the family of There are no unstable Higgs fields whatsoever, but there are semistable ones that are not stable -in particular, Φ = 0. More generally, when one of B or C is identically zero, a degree 0 subline bundle will be preserved. Recall that slope-semistable objects are subject to S-equivalence, first introduced for vector bundles in [18] , identifying those points whose associated graded objects are identical. (The underlying bundle V = O ⊕ O is fixed, so we need only concern ourselves with identifying associated graded Higgs fields.) Let
where ∼ is the C * action defined by letting matrices with the form ψ t = t 0 0 t 
is injective. Along the zero section, the determinant is constant (and equal to 0), but the corresponding Higgs fields Φ 0,C are non-isomorphic for different C ∈ CP 2 .
However, S-equivalence replaces all of the Φ 0,C with the zero Higgs field. Therefore, while S is not a subset of CHB(0, 0), the contraction S 0 is. Now, consider those Φ = A B C −A for which C is not identically zero and vanishes at a single point in CP 2 . We use S to denote the set of such Φ in 
Example 3: the tangent bundle
After direct sums of two line bundles, the natural rank-2 vector bundle to consider is the tangent bundle itself, which for CP 2 is indecomposable. Unlike the direct sums, there is no stability condition to solve: T is stable as a vector bundle, and therefore (T, Φ) is stable for any Φ. Note that H 0 (CP 2 , End 0 T ⊗ T * ) = 0: the tangent bundle of CP 2 fails to admit any nonzero Higgs fields in the conventional sense. On the other hand, the vector space
The space H 0 (End 0 T (1)) is 6-dimensional, and we have a canonical isomor-
This isomorphism comes to us by way of the Euler sequence (5.2). Applying End 0 T ⊗ to (5.2) produces another short exact sequence,
The first four terms in cohomology are
The leftmost H 0 is {0} because T is stable. The space 
The kernel in the sequence consists of the scalar multiples of φ i . Consequently, )) is 5-dimensional and spanned by the [φ j , φ i ],
Therefore, Φ ∧ Φ is a linear combination of terms [φ i , φ j ]C k ∧ C l , with i = j and k = l. In order to have Φ ∧ Φ = 0, we must have either Φ = a j φ i C j for a fixed i or Φ = a i φ i C j for a fixed j. In either case, Φ = φ ⊗ C for some φ ∈ H 0 (End 0 T (1)) ∼ = C 6 and for some C ∈ H 0 (T (−1)) ∼ = C 3 .
As with the O ⊕ O(−1) case, the moduli space is a quotient of C 6 × C 3 , but now the C 6 cannot be identified with the space of determinants for φ. In the case of V = T , we have that det : there are no automorphisms of T other than multiples of 1 T (by the stable implies simple property), and so det φ does not determine the isomorphism class of φ, unless det φ = 0. The result is that we obtain the moduli space by quotienting
by a C * action with weights ±1, which accounts for the fact that (λ
gives rise to the same Φ as φ ⊗ C. As before, we need a stability condition for the quotient, but this time it does not descend automatically from the slope stability condition. Both C = 0 and det φ = 0 are acceptable conditions, and neither contradicts slope stability. Staying consistent with the previous examples, we take C = 0, resulting in the bundle O CP 2 (−1) ⊕6 . As in the V = O ⊕O case, we need to contract the zero section to a point -however, the reason is different. Previously, there existed points that were semistable but not stable. There are no such points for V = T . The problem is that the points along the zero section are of the form φ ⊗ C with det φ = 0. Since det φ = 0 implies φ = 0, every point on the zero section must be the zero Higgs field. 
SCHWARZENBERGER BUNDLES
There is a common outcome in the examples so far: each of O ⊕ O(−1), O ⊕ O, and T underlies an 8-dimensional family of co-Higgs bundles. For two of these examples, stable integrable Higgs fields always decompose as Φ = φ ⊗ C, with φ an O(1)-valued Higgs field and C a section of T (−1). It turns out that there is a framework into which these examples can be placed, one that provides (a) a rationale for the decomposition of Φ, and (b) many more examples.
We recall basic facts surrounding Schwarzenberger's construction of rank-2 holomorphic vector bundles on CP 2 [17] . For each nonzero irreducible polynomial (2)), we can find a holomorphic cover
branched over the nonsingular conic determined by ρ. (Two ρ that differ only in scale determine the same cover and the same branch conic.) Each ρ also comes with a sequence of sheaves {V 
(These results will be recovered in our calculations below, in §6.1.) (iii) V On the other hand, for k ≥ 3, Having studied k = 0, 1, 2 already, we will focus on k ≥ 3. From now on, we assume that [ρ] is a nonsingular conic.
Cohomology of the twisted endomorphism bundles
We exploit the double cover and the push-pull property of the direct image functor in order to access the cohomology of twisted endomorphism bundles of V ρ k with nonsingular [ρ].
else,
Proof.
which defines a short exact sequence
Because of c 1 (V ρ k ) = (k − 1)H and functoriality, we must have
Removing the trace in
Combining this fact with Proposition 6.1
and then performing a Riemann-Roch calculation, we get:
Proof. There is another push-pull identity:
and so we may calculate the dimension on the right instead. Recall from the proof of Proposition 6.1 the short exact sequence
The dual sequence to (6.5) is
from which we arrive at
We want to calculate H 0 for the middle term.
At k = 2, sequence (6.5) looks like
after a twist by O (1, 1) . Yet another twist, this time by
The cohomology of (6.9) tells us that
for k > 3. From (6.7), we find that
and from (6.8) we can read off that h
is not zero, but rather 5-dimensional, coming from
and so
Setting the trace to zero leaves an 8-dimensional space.
If we take the dual Euler sequence and twist by End 0 V ρ k (−3), we have 
We use Hirzebruch-Riemann-Roch to get h 1 (End 0 V ρ k ⊗ T ) = 0 when k = 3 and 2k 2 − 23 when k > 3.
For ease of reference, the information above is summarized in the following tables.
Determining integrable Higgs fields
We use the Euler sequence again. Twisting the sequence by End 0 V ρ k ⊗ gives the cohomology sequence
3 is, as before, identified with H 0 (T (−1)).
Exclude k = 3 for the moment. By stability, H 0 (End 0 V ρ k ) = 0 and so the sequence (6.10) begins with
On the other hand, according to Table 2 The quotients in the preceding theorem do not depend on k, and so:
The analogous statement for k = 3 is harder to ascertain because (6.10) reduces only so far as
The dimensions of the three terms can be read off from Table 1 as 3, 8, and 5, respectively. The subspace
consists of integrable Higgs fields of the form Φ = φ ⊗ C. Considering only nonzero Higgs fields of this type gives us a family S * 3 with description identical to that in Theorem 6.11, but we cannot preclude the possibility of integrable Higgs fields that cannot be expressed as a simple tensor φ ⊗ C. The answer to both questions is "no". In the arguments to follow, it suffices to fix a nonzero generator φ 0 of
DEFORMATIONS
\∆, we may use in the arguments below that φ 0 is regular.
Proof. The sequence (3.3) contains a short exact sequence
and dim E 0,1
We need to determine the dimensions of E 1,0 2 and E 0,1 2 . Directly,
Next, we claim that
This map on 1-cochains induced by ∧Φ factors into two maps:
First, we show that that ker Case 2: k = 3.
We claim that dim E 
